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Abstract
The paper discusses the dynamics of a composite thin-walled box-beam built into a rigid hub and performing combined motion
of rotation and in-plane translation. The assumed blade spacial orientation and laminate material conﬁguration results in twist/in-
plane bending/in-plane shear motions coupling. Ordinary diﬀerential equations of motion are derived by adopting the Hamilton’s
variational principle and next an assumed mode method. It is shown that ﬁnal equations are mutually coupled and form a highly
nonlinear system. The coeﬃcients of governing equations are found to be time-dependent and periodic due to blade temporary
angular position and possible base excitation frequency. Within performed studies the eﬀects of changes in selected structural
parameters on the dynamic characteristics of the system are investigated.
c© 2016 The Authors. Published by Elsevier Ltd.
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1. Introduction
Rotating beams are used as models for studying the dynamic properties of rotating blades in turbomachinery,
helicopter rotor blades or lightweight satellite structures appendages. Most of these systems can be considered as on-
board machines – typical examples are automotive turbocharger, ship and aircraft turbines, helicopter rotor, locomotive
electrical generators or wind turbines subjected to earthquake shocks. In most of these applications the in-plane base
excitation takes the form of a translational acceleration and aﬀects the overall performance of the rotating structure.
This is exhibited by, inter alia, the increased lateral blade vibrations and in limit states it may lead to the large
responses and the dynamic instability phenomenon. Therefore a mathematical model of the rotor considering multi-
source excitations is of prime scientiﬁc and engineering interest in order to avoid failures during the operation phase.
The discussed topic has been examined for the rotor blades made of isotropic materials. Tan et al. [1] developed the
equations of motion of a rotating cantilever Euler-Bernoulli beam induced by a base excitation. They used the method
of multiple scales to determine the instability regions and presented numerical results to illustrate the inﬂuence of the
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hub radius to length ratio, the steady-state rotational speed and the base excitation frequency on the dynamic stability
of the system.
Sabuncu and Evran [2] studied the stability of motion of an asymmetric blade subjected to a lateral parametric
excitation. In the mathematical model of the structure the Timoshenko beam model was adopted and the ﬁnite element
method was used to solve the problem. Authors analysed the instability regions with respect to the shear coeﬃcient,
the beam length, the rotational speed and the deformation coupling ratio that was resulting from the oﬀset between
centre of ﬂexure and the specimen cross-section centroid.
Kwon et al. [3] proposed the dynamic linear model of an Euler-Bernoulli beam rotating in gravitational ﬁeld and
undergoing coupled bending-bending vibrations. Eﬀects of blade length, pitch angle and tilt angle of a wind turbine
on its dynamic stability characteristics were investigated. Results proved the instability region to be close to the half
of the ﬁrst natural frequency of the system obtained with the assumption of no gravity. Moreover, it was concluded
the divergence speed of transient responses obtained at unstable regions increased as the pitch angle increased as
well. Unlike to this observation the stability of a rotating turbine system undergoing gravitational force was hardly
unaﬀected by the tilt angle of the turbine.
Dakel et al. [4] studied the dynamic behaviour of a rotor in the presence of base excitations. They proposed
the rotor model based on the Timoshenko beam ﬁnite element, taking into account the rotary inertia, gyroscopic
inertia, and shear deformation of the shaft as well. Moreover, the geometric asymmetry of the disk and/or shaft
were considered and diﬀerent types of base deterministic motions. Quasi-analytical and numerical solutions for
symmetric and asymmetric rotor conﬁgurations were given by means of stability charts, Campbell diagrams, steady-
state responses as well as orbits of the rotor.
All the above mentioned papers deal with beams made of the isotropic material; very few consider rotors with ﬁbre
reinforced blades. Machado et al. [5] proposed the general, nonlinear model of a non-rotating thin-walled composite
beam undergoing the base excitation. In the paper regions of dynamic instability of the simply supported specimen
subjected to an axial excitation were discussed. The inﬂuence of shear deformation, natural longitudinal vibration
and load static parameter on the magnitude of unstable regions were analysed. Closed and open cross sections were
considered, as well as diﬀerent laminate stacking sequences.
Therefore, this paper discusses the dynamics of a thin walled composite beam built into a rigid hub performing
motions of rotation and in-plane translation. The mathematical model of the ﬂexible system takes into account nu-
merous non-classical eﬀects like material anisotropy, cross-sectional rotary inertia, transverse shear deformation and
both primary and secondary cross-section warpings [6]. This paper is a further extension of former authors studies
on dynamics of rotating, thin-walled composite beams [7–9] and the use of tailored composite materials concept in
structural design [10].
2. Formulation of a problem
Let us consider a slender, straight and elastic composite thin-walled beam clamped at the rigid hub that is expe-
riencing rotational motion as well as translational one – see Figure 1. The temporary position of the hub is given
by a position vector ξ(t) as well as a rotation angle ψ(t). For simplicity, the direction of the hubs angular velocity
ψ˙(t) is ﬁxed in space (parallel to inertial ZS axis at all times) and the hub is assumed to be moving along (XS = X0)
axis only. It is assumed that the above mentioned translational motion of the centre of the hub is given by a constant
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Fig. 1. Schematic diagram of a rotating beam with in-plane base movement.
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acceleration term ξ¨. Moreover, the rotation of the hub-beam system is excited by an external driving torque Text,z, that
is an algebraic sum of steady-state and periodic components. Detailed information on the assumptions made in the
mathematical model of the system and further adopted simpliﬁcations are given in authors papers [7, 11].
Geometrical and material data for the analysed specimen are given in Table 1.
Table 1. Physical parameters of the thin-walled composite beam and hub data.
Physical parameter Value (unit) Physical parameter Value (unit)
Beam length l = 0.254 (m) Young’s moduli E1 = 206.75, E2 = E3 = 5.17 (GPa)
Cross-section size c × d = 0.00508 × 0.0254 (m) Poisson’s ratio ν32 = 0.25, ν21 = ν31 = 0.00625 (-)
Wall thickness h = 0.001 (m) Shear moduli G23 = 3.1, G13 = G12 = 2.55 (GPa)
Hub radius R0 = 0.1 × l = 0.0254 (m) Mass density ρ = 1528.15 (kg/m3)
CAS ﬁbres orientation α = 75◦
3. Governing equations
The equations of motion and boundary conditions of the rotating beam are derived according to the extended
Hamilton’s principle of the least action:
δJ =
∫ t2
t1
(δT − δU)dt = 0, (1)
where J is the action, T is the kinetic energy, U is the potential energy. Step by step derivation of the full system of
equations of motion for a complete model including both transversal/lateral bending directions, shear deformations
and warping eﬀects, as well as arbitrary pre-setting angle and non-constant rotational speed can be found in authors
papers [7, 11]. Here, only the simpliﬁed ﬁnal form of equations is given, where the pre-setting angle θ is ﬁxed at π/2
value and the co called Circumferentially Asymmetric Stiﬀness (CAS) lamination scheme leading to decoupling in
the system of governing equations is adopted. Moreover, all the terms resulting from the translational motion of the
structure are taken into account.
The governing equations are expressed in terms of unknown kinematic variables of its cross-section reference point
located at (ox) axis:
• w0 lead-lag plane displacement
b1w¨o − 2b1u˙o ψ˙(t) − b1woψ˙2(t) − b1(R0+x+uo)ψ¨(t) + b1ξ¨ sinψ(t) − a55ϑ′y − a55w′′o − (Txw′o)′ = 0 (2)
with boundary conditions wo
∣∣∣
x=0 = 0,
(
ϑy + w′o
)∣∣∣
x=l = 0;
• ϑy in plane transverse shear angle
B4ϑ¨y − B4ψ˙2(t)ϑy + B4ψ¨(t) + a55(ϑy + w′o) − a33ϑ′′y − a37ϕ′′ = 0 (3)
with boundary conditions ϑy
∣∣∣
x=0 = 0,
(
a33ϑ′y + a37ϕ′
)∣∣∣
x=l = 0;
• ϕ twist angle
(B4 + B5)ϕ¨ + (B4 − B5)ψ˙2(t)ϕ − a37ϑ′′y − a77ϕ′′ − (Trϕ′)′ = 0 (4)
with boundary conditions ϕ
∣∣∣
x=0 = 0,
(
a37ϑ′y + a77ϕ′
)∣∣∣
x=l = 0
• and the hub equation that results from the rotation angle ψ
Jhψ¨(t) + (B22 + B4)ψ¨(t) +
∫ l
0
{
b1(R0 + x)
[
2u0ψ¨(t) + 2u˙0ψ˙(t) − w¨0
]
+ B4ϑ¨y
}
dx = Text,z(t), (5)
where the Jh represents the mass moment of inertia of the hub and the right hand side term Text,z(t) represents the
torque driving the system as pointed out before.
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In all foregoing relations Bi and bi factors depict the inertia terms and ai j ones correspond to beam stiﬀnesses.
Their detailed deﬁnitions are given in [7]. Term Tx(x) is deﬁned as
Tx(x) = b1(L − x){ψ˙2(t) [R0 + 12 (L + x)] − ξ¨ cosψ(t)}
and it corresponds to systems stiﬀening/softening resulting from both transportation motions, while Tr(x) =
B4+B5
m0β
Tx(x).
Quantity m0 is mass of the beam per its unit length and β is a perimeter of the cross-section.
4. Model reduction
The system of partial diﬀerential equations (2)–(5) is reduced to ordinary diﬀerential one using Galerkin’s proce-
dure for the ﬁrst natural mode of the beam. Thus the solutions of the system (2)–(5) are approximated by
W(η, τ) =
N∑
n=1
qwn(τ)Wn(η), Y(η, t) =
N∑
n=1
qyn(τ)Yn(η), Φ(η, τ) =
N∑
n=1
qϕn(τ)Φn(η). (6)
In the above notation Wn(η), Yn(η),Φn(η) are consistent admissible functions – i.e. suitable trial functions that satisfy
the geometric boundary conditions and do not prevent the natural boundary conditions from being satisﬁed; quantities
qwn, qyn, qϕn are corresponding generalized coordinates. More details considering the functions (mode shapes) utilized
in the procedure are given in paper [11]. In the discretization procedure the following orthogonality condition of
bending-shear-twist free vibrations mode shapes is used [11]
(
ω2m − ω2n
) ∫ 1
0
[
b1l2Wm(η)Wn(η) + B4Ym(η)Yn(η) + (B4 + B5)Φm(η)Φn(η)
]
dη = 0; (7)
therefore, for distinct mode shapes (m  n), the above integral is zero.
The individual components of the discussed coupled deformation mode (the ﬁrst natural mode) computed by ad-
missible functions used in the discretization are presented in Fig. 2. The ﬂexural motion W1(η) is plotted in blue,
shear angle Y1(η) in black and torsion Φ1(η) in red colour.
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Fig. 2. The ﬁrst natural vibration mode of the thin-walled beam – analytical admissible functions; ﬂexural displacement: – blue, shear angle: –
black, torsion angle: – red.
Next, the system is converted to the dimensionless notation and the ﬁnal set of governing equations can be written
as follows:
q¨1 + ζ1q˙1 + α12ψ¨ + (α11 + α13ψ˙2)q1 + α14ψ˙q˙1 + α1pξ¨(τ)q1 cosψ + α1eξ¨(τ) sinψ = 0,
(1 + Ĵh + αh2q)ψ¨ + ζhψ˙ + αh1q¨1 + αh3ψ˙q˙1 + αhpξ¨(τ)q1 cosψ + αheξ¨(τ) sinψ = μ(τ),
(8)
where q1 is the generalized coordinate corresponding to the studied coupled ﬂexural-torsional motion. Coeﬃcients
αi j (i = 1, h; j = 1, . . . , 4) result from Galerkin’s projection, ζ1, ζh are damping coeﬃcients of the beam and the
hub respectively; Ĵh is dimensionless mass moment of inertia of the hub expressed as a magnitude of beam inertia.
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Quantity ξ¨(t) represents the acceleration of hub translational motion; μ corresponds to a dimensionless driving torque
expressed in general case as a sum of constant and periodic components: μ = μ0 + ρ cosωt.
Equations (8) constitute the set of coupled second-order diﬀerential equations. They contain parametric excitation
terms (with cosψ) as well as time dependent excitation ones (sinψ) caused by the rotational motion of the beam. This
form of governing equations is diﬀerent from typical Mathieu-Hill’s equations as often met in engineering problems
- e.g. column buckling under time periodic compression or pendulums systems [12, 13].
5. Results
The analysis of system dynamics started from the simpliﬁed conﬁguration test - i.e. free vibrations of the non-
moving and non-rotating structure. The ﬁrst natural frequency of the system has been examined with respect to
the relative hub inertia Ĵh. The obtained results (Fig. 3) indicate the signiﬁcant decrease of the natural frequency
of the system when the relative hub inertia is increased. In the limit case of Ĵh → ∞ the natural frequency tends
asymptotically to a separated cantilever beam case. This observation is conﬁrmed for the rotating system too.
J
w
Fig. 3. Eﬀect of the relative hub inertia on the ﬁrst natural frequency of the system. Ωh = 0–black curve, Ωh = 1–blue curve.
Next, the forced vibrations are examined under periodic excitation μ = ρ cosωt and without translational motion
ξ¨ = 0. The system response curves for the selected case ρ = 0.01, Ĵh = 1 are plotted in Figure 4. Part (a) is
the generalized beam tip displacement q1 and part (b) is the maximum hub angular velocity max ψ˙(t). Dynamics
for the structure is typically linear and the resonance for the hub-beam combined system occurs at ω ≈ 2.47. As
regards oscillations of the hub, apart from the resonance observed around the natural frequency, there is a zone around
ω ≈ 1.81 where the hub oscillations are very small (close to zero). At this frequency, which corresponds to the natural
frequency of the separated cantilever beam, hub vibrations are suppressed but beam vibrations also remain small.
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Fig. 4. Resonance curves of the beam (a) and angular velocity of the hub (b) under periodic torque excitation μ = ρ cosωt.
Next, we demonstrate the impact of the translational acceleration on the system dynamics. Bifurcation plots for
three diﬀerent relative hub inertia cases Ĵh = 0.01, 1.0, 5.0 are plotted in Figure 5 (a), (b) and (c), respectively. Curves
in black correspond to the non-translating case, while ones in blue are results for the ξ¨ = 0.1 case. Similarly to the
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Fig. 5. Comparison of bifurcation plots for non-translating (black) and translating (blue) system; three hub inertia cases examined (a) Ĵh = 0.01;
(b) Ĵh = 1; (c) Ĵh = 5.
previous analysis the system is excited by periodic moment μ = ρ cosωt, where ρ = 0.01. Analysing the obtained
results one can observe a very slight shift in natural frequency of the system to the higher values if the system is
subjected to constant translational acceleration (blue curves). Meanwhile, the magnitude of the beam amplitude, as
well as the amplitude of the hub does not change. However, for average and high values of hub inertia, Ĵh = 1 and
Ĵh = 5 respectively, an additional resonance peak is observed if the system is in translation.
Another phenomena may be observed for the hub. Analysing Figure 4(b) one may notice the response of the hub
sub-system at very low excitation frequencies (in Figure 4 the translational acceleration ξ¨ is zero). If the system is
subjected to translation motion this low-frequency response is shifted to the right and ampliﬁed – bottom plots in
Figure 5; thus no new response peaks are observed.
The last series of plots are bifurcation diagrams prepared to study the response of the beam and the hub with respect
to the magnitude of the translational acceleration. The analysis has been performed for the case ρ = 0.01, Ĵh = 1
as plotted in Figure 5(b). Figure 6 presents the stroboscopic projection of generalized displacement of the beam tip,
registered at every excitation period. The analysis has been performed around both resonances corresponding to ﬁxed
frequency ω = 0.3 and ω = 2.4 – compare also the upper plot in Figure 5(b).
One can observe for the lower excitation frequency the maximum response of the system occurs at the translational
acceleration ξ¨ ≈ 0.15. For the second analysed case of driving frequency ω = 2.4 the response of the beam tip is
initially decreasing but then increases while the translational acceleration grows up to the value of ξ¨ ≈ 11.5. At this
point the maximum response is observed, that is much higher than for the lower driving frequency case.
Similar analysis has been performed to evaluate the hub response. Results are shown in Figure 7. For the lower
periodic torque frequency, the maximum response is close to the analysed case ξ¨ = 0.1 and then decreases monotoni-
cally if the acceleration is increased – see the plot in Figure 7(a). For higher driving frequency, similarly to the beam
sub-system high response of the hub may be expected for the translational acceleration ξ¨ ≈ 11.5.
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Fig. 6. Bifurcation diagram of the beam tip response with respect to the acceleration ξ¨ of the translational motion. Periodic torque driving frequency
(a) ω = 0.3 and (b) ω = 2.4. Studies for the case Ĵh = 1, ρ = 0.01.
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Fig. 7. Bifurcation diagram of the maximum hub angular velocity with respect to the acceleration ξ¨ of the translational motion. Periodic torque
driving frequency (a) ω = 0.3 and (b) ω = 2.4. Studies for the case Ĵh = 1, ρ = 0.01.
6. Conclusions
The paper studies coupled bending-shear-twist vibrations of the thin-walled rotating cantilever beam made of
composite material subjected to additional translational transportation motion. In the model of the structure the inertia
of the hub is taken into account. The partial diﬀerential equations of motion have been derived by Hamilton’s principle
for continuous systems. Next, these equations have been transformed to ordinary diﬀerential ones following the
Galerkin’s procedure. Within the performed studies free vibrations of the non-translating system have been analysed
to estimate the natural frequency of the system with respect to the relative hub inertia. Next, the forced vibrations of
the structure are discussed if excited by the periodic driving torque.
In further analysis the direct comparison of system dynamics for cases of non-translating and translating structure
is presented. The obtained results demonstrate a slight shift in natural frequency of the system to the higher values if
the structure is subjected to constant translational acceleration. Moreover, for the higher values of relative hub inertia,
an additional resonance peak is observed if the system is in translation. Finally, the bifurcation diagrams for the
response of the beam and the hub with respect to the acceleration of the translational motion ξ¨ magnitude are plotted.
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